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EXAMPLE R4 M)
The fixed-end moments are
wL?  —20(12)° owl? 20(12)°
(FEM)BC = —F = T = —240kN 'm (FENI)CB = W = T = 240 kN -m
—250(8 250(8
(FEM)CD——%=%=—2SOIJ;N-m (FEM)DC=%L=%=250kN-m

moments
moments

A MPLE

Determine the internal moments at each support of the beam shown
in Fig. 12-7a. EI is constant.
250 kN

20kN/m

C
— D

e
12 m*I—-IZ m—_|.4 m.L nJ L b

(@)

Solution
The distribution factors at each joint must be computed first.* The
stiffness factors for the members are

4E1 4E1 4E1
=g SEoyy Sas g

Starting with the FEMSs, line 4, Fig. 12-7b, the moments at joints B
and C are distributed simulitaneously, line 5. These moments are then
carried over simultaneously to the respective ends of each span, line 6.
The resulting moments are again simultaneously distributed and
carried over, lines 7 and 8. The process is continued until the resulting

are diminished an appropriate amount, line 13. The resulting
are found by summation, line 14.

Placing the moments on each beam span and applying the equations
of equilibrium yields the end shears shown in Fig. 12-7c and the bending-
moment diagram for the entire beam, Fig. 12-7d.
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EEXEXRICTR (continuec

Joint A B C D 1

Member| AB BA BC CB CD DC |2

DF 0 0.5 0.5 0.4 0.6 0 3

FEM —240 240  |-250 250 |4

Dist. 120 120 N 4 6 S

CcO 60 2 60 3 |6

Dist. =1 =1 —-24 -36 7

CcO -0.5 =ik) =035 -18 |8

Dist. 6 6 02 0.3 9
CO 3 0.1 3 02 |10
Dist. —-0.05| —-0.05) —-1.2 -1.8 11
CO —-0.02 —0.6 -0.02 -09 |12
Dist. 0.3 0.3 0.01 0.01 13
M 62.5 1252 | —1252 | 2815 | —281.5| 2343 |14

(®)
20 kN/m 250 kN
62.5kN-m 1561‘N 1070m%1330m 1309 kN 4m mllQlkN
( 1@]) 4 ét)
281 SkN-m 3kN-m
©
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Determine the internal moments at the supports of the beam shown
in Fig. 12-14a. The moment of inertia of the two spans is shown in the
figure.

6000 N/m

6
K, = i? - ___45(121(2(10 ) _ 1600109 E
_ 3EI _ 3E(240)(10%

Kpe= = 5 = 180(I)E
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EXA MPLE 124 H(eJsiifs1IT)

Thus, DF,g = %EQOE =
DF, = ﬁ = 0.4706
DFjyc = ﬁ = 0.5294
DF¢p = % =1

Further simplification of the distribution method for this problem is
possible by realizing that a single fixed-end moment for the end span
BC can be used. Using the right-hand column of the table on the inside
back cover for a uniformly loaded span having one side fixed, the
other pinned, we have

- L* _ -6000(4)?
(FEM),c =2 = @ _

November 7, 2020 Structural Analysis Prof. M. Samara 32
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(Continued)

The foregoing data are entered into the table in Fig. 12-14b and
the moment distribution is carried out. By comparison with Fig. 12-6b,
this method considerably simplifies the distribution.

Using the results, the beam’s end shears and moment diagrams are
shown in Fig. 12-14c.

Joint A

B ©
Member AB BA BC CB
DF 0 0.4706 | 0.5294 1
FEM 12000
Dist. 5647.2 6352.8
(€0) 2823.6
M 28236 | 56472 | —5647.2 0
(b)
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(Continued
13412 N R 58
2823 N 2823 N 10588 N
w T)sz-m (l l) 5647N-m(1‘ T
4m
_ : %ﬁ NN

i (m)

9343
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EXAMPLE 123

Determine the internal moments at the supports for the beam shown
in Fig. 12-13a. EI is constant.

100 KN/m

Fig. 12-13

Solution

By inspection, the beam and loading are symmetrical. Thus, we will
apply K = 2EI/L to compute the stiffness factor of the center span
BC and therefore use only the left half of the beam for the analysis.
The analysis can be shortened even further by using K = 3EI/L for
computing the stiffness factor of segment AB since the far end A is
pinned. Furthermore, the distribution of moment at A can be skipped
by using the FEM for a triangular loading on a span with one end
fixed and the other pinned. Thus,

November 7, 2020 Structural Analysis Prof. M. Samara 38
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S OV W 2R (Continued)

K= E (using Eq. 12-4)
2EI .
Kpe= _f_ (using Eq. 12-5)
§ _3EI3 _ '
A5 3EI3
DF,, = __3EI3  _ 0.667
3EI3 +2Ei/4
oc = . 2EIA 0.333
3EI3 +2El4 e TEh [ e x
WL 100G3) Jaint AT OBl
(FEM)R‘:T:T =60kN-m Member| AB | BA | BC
2 2 - GET
(FEM), = - wkL :_100(4) —1333KN-m DB 1 0.667 | 0.333
12 12 FEM | . | 60 ' [-1333
These data are listed in the table in Fig. 12-13b. Computing the Dist. | - .| 489 | 244
stiffness factors as shown above considerably reduces the analysis, ; W o
since only joint B must be balanced and carry-overs to joints A and |- ZM : 0 1089 _1039
C are not necessary. Obviously, joint C is subjected to the same
internal moment ®

November 7, 2020 Structural Analysis Prof. M. Samara 39

Example

Calculate the reactions at the supports in the beam

ABCD shown in Fig. The flexural rigidity of the beam
is constant throughout

5 kN/m 40kN 5 kN/m
Y B l C
A i D
Z ’77%7 (E*' 797/_’
L 6m [ Sm | S5m | 6m
November 7, 2020 Structural Analysis Prof. M. Samara
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2
Min_-M:A=-5—"§-=—1s kN m
12
MSC_-M§,=_%’“°=_5okNm
K El
DF,, BA 3EI/6

" Koa+Ksc 3EI/6+2EI/10
DFg.=1~0-71=0-29
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A B
DFs 1 0-71 0-29
FEMSs -15-0 +15-0 -50.0
Balance A +150
Carry over w475
Balance B +19.52 +7.98
Final moments 0 +422 =422
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Example

Calculate the support reactions in the beam shown in
Fig. The flexural rigidity, El, of the beam is constant
throughout.

12kN 7kKN  7kN 22 kN (total) S5kN

November 7, 2020 Structural Analysis Prof. M. Samara 43

12x 14

Mia=“M;A=‘ =-21kNm

T7x4x8" 7Tx8x4’

F _ o aF
MBC_ MCB_ 122 122

=-18-67kNm

Koo ___ 3B
Koa+Kec  3EIf14+4EI[12

DFBC = 1 - 0'39 = 0'6]

DFg, =

Kes  4EN12
Kea+Kceo  4EIf12+3EI/12

DFp=1~0-57=0-43
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46

A B C D E
DFs 1 0-39 0-61 0-57 043 1-0 0 -
FEMs -21'0 +21-0 -18'67 +18'87 -22-0 +22:0 -2000 O
Balance AandD +21-0 -2-0
Carry over +10-5 -1-0 «
Balance -50 -7-83 +2-47 _ +1-86
Carry over +1:244%_3.92
Balance -0-48 -0-76 +2:23 +1-69
Carry over +1-12¢5_0-38
Balance -0-44 -0-68 +0-22 +0-16
Carry over +0-1190-34
Balance ~-0-04 -0-07 +019 +0-15
Final moments 0 +25-54 -25-64 +19-14 -19-14 +20-0 -20-0 O
Ry=418 kN, Rg=15-35 kN, Re=17-4 kN, Rp=16-07 kN
November 7, 2020 Structural Analysis Prof. M. Samara 45

Example

From the beam shown use the moment distribution method to:

(a) Determine all the reactions at supports, and also

(b) Draw its quantitative shear and bending moment diagrams. and

qualitative deflected shape.
JEI 40kN ¥ \50 kN'm 10 KN/m 40 kKN
I A4 D
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120 kN*m
£

10 kEN/m 540 kN

40N $\50 kN'm

|

A
30 30 101.25 ET c
05€= B 0.5 €=
3m 3m 9m im
-«
K, =4QEDN/6 K, =3(EN/9
&K, [EEEY
DF [0 0.80 [0.20 1
Joint couple - 40110, 120
co |20 < 60 <~
FEM -30 L 30-0125
Dist. e
Dist. 9| 2.25
co 45
x -45.5 -1 49 120
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10 kKN/m 40 kN

40 kN
45.5 kN*m 1 KN*m
( A B ) 120 kN*m
C D
4,=2775 KN B,=1225kN 00 1 Ciz=40kN
49 KN*m | I 120 kKN*m
Cr=52.89 kN

48

Bz=3711kN
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40N $O\50 KN'm

v ey

A D
27.75 kN B .
12.25+37.11 =49.36 kN 52 89+40 = 92 89 kN
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27.75 S i
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Moment Distribution for Frames: No Side sway
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EXAMPLE 125

Determine the internal moments at the joints of the frame shown in
Fig. 12-15a. There is a pin at E and D and a fixed support at A. El is
constant.

(@)

November 7, 2020 Structural Analysis Prof. M. Samara 52
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Solution
By inspection, the pin at E will prevent the frame from sidesway. The

stiffness factors of CD and CE can be computed using K = 3EI/L
since the far ends are pinned. Also, the 20-k load does not contribute
a FEM since it is applied at joint B. Thus,

4EI 4ET 3EI 3EI
Kan=—%" =g Keo=—7% Ke=—p
DF,,=0 : '
DF,, AEIS o545

84T 4Bl + AEI6
DF, = 1-0.545 = 0.455

4EI6 )
DF,., = ———=2 - 0.330
" 4FEN6 + 3EI5 + 3EI4
3EN5 0298

DF. =——mm—mMmMmM =
2 " 4EN6 + 3ELS + 3EI4
DF,; =1-0.330-0.298 =0.372

DF,.=1 DFy=1

2 2 -
(FEM)jc = -2~ = —4?26} - 135KN-m
2 2
(FEM)p = —";Iz‘ = —451(5) =-135kN'm _
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STAAD OUTPUT

|
Ja.a kNm LAS{ LA 1

B85 kNm

|
|
|
‘:|L2.5 kNm
|
|
|
|

28-43.2 kNm
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5518 kNmo -0 KN g
100.7-KNm

|
|
|
!‘-25.9 kNm

Structural Analysis Prof. M. Samara 55

Ailosal) 1o gan
Support Settlement

OY sl Jie cliidl apanai 8 degall gl sall (o dlaall Jas 22

Ldlaa) Lag e Land) ey 56 diloal) 4S

November 7, 2020

M, Configuration My
M,
MA N I7> e
_6EIA N p\7 E[ 6EIA
r ‘ RS I
L v
M, <\l _
3ETA Ny T 5 B
Lj e
. 3
Structural Analysis Prof. M. Samara 56

28



Str. Analysis Lecture Notes

Jlia

Guaal 12 mm hie ol JSE 8 ndl Al (8 B st L 13)
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E =200 kKN/mm?2 and I= 200x10® mm*
44 B8 e
7 ET & 5‘/3 EL %
.

L
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4. Moment Distribution Table:

Joint A B C
Member AB BA | BC CB
DF 0 0.4]0.6 1
FEM -80.0 -80.0 |+120.0

Dist. -16.0| -24.0

C.0. -8.0 0
Final -88.0 -96.0 |+96.0 0
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o
ﬂ

§ P e
Vo ¥ —2 1

Span AB:
ZM about4=0 ..88+96+6F,,=0 Ve =—307kNiel
> F,=0 SV +V,=0 SV, =+307kNT
Span BC:
> Mabout B=0 ..96-4V.=0 S Ve=240kNT
> F,=0 Ve V=0 ~Vpe=-240KNie.
V,=V, +V 5 =30.7+24=547kN {
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Moment Distribution for Frames: No Side sway
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(b WS FEMS™ 4de daalill 485 5l) 5 5 je canig

GE;T [@J =-100 kNm
6 EI

FEM,, = FEM , =-

FEM . =FEM, =- 66? (%} =-100 kNm
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1. Stiffnesses: o AB:

gx“
1]
SE)

—
&

Il
G| =

L ]

s8]

0

=

&

Il
N
i —
8

Il
[N

o CD:

L=

g

I
f
a8

Il
N =

2. Distribution Factors:

« Joint B: Sk=tylo2
6 6 6
« Joint C: is K, U6
DF, =28 =105
the same Sk 26 S byt
. =
as Joint B. _ ke 16
DF, = =21_=05
Dko2/6
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3. Moment Distribution Table:

Joint A B C D
Member | AB BA | BC CB| CD DC
DF 0 05|05 0.5]05 0
FEM -100 -100 -100 -100
Dist. +50 |+50 +50 | +30

c.0. +25 +25 +25 +25
Dist. -12.5( -12.5 -12.5|-12.5

c.o. -6.3 -6.3 -6.3 -6.3
Dist. +3.2|+3.2 +3.2 | +3.2

c.0. +1.6 +1.6 +1.6 +1.6
Dist. -0.8| -0.8 -0.8 | -0.8

M, -79.7 -60.1 [+60.2 +60.2 | -60.1 -79.7
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4. Calculate End Shears and Forces
Span 4B:

Z M about 4 =0

oo
<D 5 80+60—67,, =0
7 8 ’_"\)’31_

Vg =233KN -

é > F=0

L H, =+233kN«

Ay e
1=
Span BC: This is the same as AB.
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46.6 suls 100 KN JUaY! Ll ety (1) 3 81 jlaia oS
a5 37 Gy ity dplial) Alisall sl Jadl (@l KN
(S dalaalh M

P 100
=—=—-—=2.15
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EXAMPLEMZ—G

16 kN Determine the moments at each joint of the frame shown in Fig. 12-18a.
EI is constant.
1m 4m
B < Solution
First we consider the frame held from sidesway as shown in Fig. 12-18b.
| We have
Sm Sm
FEM 16(4°1) 10.24 kN
A D (FEM)sc = 52 =
16(1)°(4
@ (FEM)cp = LZ() = 256kN-m
(3)
I
November 7, 2020 Structural Analysis Prof. M. Samara 79

EXAMPLE 126 NeUT)

The stiffness factor of each span is computed on the basis of 4EVL

or by using the relative-stiffness factor /L. The DFs and the moment

distribution are shown in the table, Fig. 12-18d. Using these results,

the equations of equilibrium are applied to the free-body diagrams of
16 kN the columns in order to determine A, and D, Fig. 12-18e. From the
free-body diagram of the entire frame (not shown) the joint restraint R
B R in Fig. 12-18b has a magnitude of

ZF, =0 R =173kN — 0.81 kN = 0.92 kN

A D Joint A B [ D ‘ l
- Member| AB BA BC CB | CD DC ,-\' ’—\'
(b) DF 0 0.5 0.5 0.5 0.5 0 5.78 kN -m 2.72kN'm
FEM —1024 | 256
Dist. sHl) 5.12,—-1.28| 128
CcO 2.56 —0.64 2.56 —0.64
Dist. 0.32 032, —1.28| —1.28
cO 0.16 —0.64 0.16 —0.64
Dist. 0.32 0.32.,—0.08 | —0.08 2.88kN-m 132kN-m
]()30 0.16 —0.04 0.16 —0.04 e’ ~
ist. 0.02 0.02 | —0.08] —0.08 —_— “—
A= D, =081 kN
M 288 | 5.78 | =578 272 | -272| —1.3) T * ‘r *
Fig. 12-18 (d) (=)
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An equal but opposite value of R = 0.92 kN must now be applied
+ to the frame at C and the internal moments computed, Fig. 12-18c.
c To solve the problem of computing these moments, we will assume a
B —R force R’ is applied at C, causing the frame to deflect A’ as shown in
Fig. 12-18f. Here the joints at B and C are temporarily restrained from
rotating, and as a result the fixed-end moments at the ends of the
columns are determined from the formula for deflection found on the
inside back cover, that is,

A D
6ETA
M=—
(© L
m A

P S—————_ Since both B and C happen to be displaced the same amount A’,
i and AB and DC have the same F, I, and L, the FEM in AB will be
;'7100 kN-m the same as that in DC. As shown in Fig. 12-18f, we will arbitrarily

assume this fixed-end moment to be

(FEM) 45 = (FEM)g4 = (FEM)cp = (FEM)pc = —100 kN -m

®)
Fig 12-18

November 7, 2020 Structural Analysis Prof. M. Samara 81

EXAMPLE [126 JORlINE
Joint A B C D
Member| AB BA BC CB CcD DC l i
= = —_— —_—
DF | 0 [o05 [ 0505 05| 0 — —
FEM |-100 |-100 —100  (-100 60kN -m 60 kN-m
Dist. S0 S0 S0 S0
CO 25 25 25 23
Dist. F12.5 | =125 |, —12.5 |-12.5 Sm Sm
CO | —6.25 —6.25 7|~6.25 —6.25
Dist. 3125 3125 3.125) 3.125.
CO 1.56 1.56 1.56 136
Dist. —0.78 |-078 | ~078 |-0.78 B0KN-m BOKN-m
CO [ -03 —0.30 “[*-0.39 —0.30 — t—
Dist. 0.195 0.195| 0.195| 0.195 A, =2BKN 4 D, =28kN
=M [—80.00|—60.00| 60.00 | 60.00 |—&0.00 [-80.00 T t
(2) (h)
A negative sign is necessary since the moment must act counterclockwise
on the column for deflection A’ to the right. The value of R’ associated
. | with this —100 kN - m moment can now be determined. The moment
distribution of the FEMs is shown in Fig. 12—-18g. From equilibrium, the
horizontal reactions at A and D are calculated, Fig. 12-18k. Thus, for
the entire frame we require
ZF, =0 R =28 + 28 = 560kN
November 7, 2020 Structural Analysis Prof. M. Samara 82
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Hence, R' = 56.0 kN creates the moments tabulated in Fig. 12-18g.
Corresponding moments caused by B = 0.92 kN can be determined by
proportion. Therefore, the resultant moment in the frame, Fig. 12-18a,
is equal to the sum of those calculated for the frame in Fig. 12-18b plus
the proportionate amount of those for the frame in Fig. 12-18¢. We have
Mup =288 + 22(-80) = 1.57kN-m Ans.
Mgy =578 + 22(-60) = 479 kN -m Ans.
Mpc = —578 + 22(60) = —4.79 kN -m Ans.
Mcg = 272 + 22(60) = 371 kN+m Ans.
Mep =272 + 22(—60) = -371kN-m Ans.
Mpe = —1.32 + 22(—80) = —2.63kN-m Ans.
November 7, 2020 Structural Analysis Prof. M. Samara 83
Example

For the frame shown use the moment distribution method to:
(a) Determine all the reactions at supports, and also
(b) Draw its shear and bending moment diagrams
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C
R
D
Stage | Stage Il
November 7, 2020 Structural Analysis Prof. M. Samara 85
+ Stage | Analysis (no sidesway)
B C D
[0471)0.529  [1.00] 1.00 | 0
15.00
-7.065 |-7.935
7.94 |-7.94
K,, = 42ED/3 = 2.667E]
B c % 3F,=0:
Ky = 3(ED/3 =3EI
R =60-3353-0
60
K, = 3(4ED/4 =3EI —»{3m 4m EyEpp——
<+
AR A =3353kNDHD =0
18.53 kNem 0
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+ Stage Il Analysis ( sidesway)

* Fixed end moment

GID_

f—>
B 3m, 3EI

6(4EI)A’/(4) | 4

3 m, 2EI
100 kNem

6(2EIA)/(3) 2
3(4EIAY(4) 2

7 November 2020

100 kNem
3EED(TS/ED/4)”

=56.25 kKNem
D D
Assign a value of (FEM), ; = (FEM); ,=-100 kNem == _6(23#)& —-100 == Ay = 75/El
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A B C D
DF [0 (04710529  [1.00] 1.00 | 0
FEM |-100 -100 -56.25
Dist. 47.1] 529 0
CO | 28.55
X |76.45 -52.9| 52.9 -56.25
52.9. kNem
c 5 3F =0
-4312-1406+R" =0
4m R = 5718kN
D 14.06 kN
76.45 kNem
56.25 kN*m
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26.47
57.18

R= 2637andR'=57.18 == O =

52.9 kNem

3m

76.45 kN+*m 53.92 kNem
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EXAMPLE 1238
| |

Determine the moments at each joint of the frame shown in Fig. 12-20a.
ET is constant.

16 kN

(b) (®
Fig. 12-20
Solution

First sidesway is prevented by the restraining force R, Fig. 12-20b.
The FEMs for member BC are

16(5 ! 16(5 i )
FEM),e =) =10k m (FEM) = ) < 10kN
November 7, 2020 Structural Analysis Prof. M. Samara 91

EXAMPLE

- (Continued)

Since spans AB and DC are pinned at their ends, the stiffness factor is
computed using 3£1/L. The moment distribution is shown in Fig.12-20d.

Using these results, the horizontal reactions at A and D must be
determined. This is done using an equilibrium analysis of each member,

Fig. 12-20e. Summing moments about points B and C on each leg, we
have

GEMp =0 5971 A(4)-8(3)=0 A, =740 kN
(FEMe = 0; 597 Dy(&)+8(3)=0 D,=7491N

' Thus, for the entire frame,’ _ o
SF, =0 R =749 - 749 + 40 = 40 kN

16 kN

Toint A B (e D 40 kN 25m 2.5 ]Il R
G i RS e
Member| AR | BA | BC | CB | cD | DC i
DF 1 0.429 | 0571 | 0.571 [ 0429 1
FEM —10 10
Dist. 420 371 —571| —429
— [as) —288" 286
Dist. 123 163) —163]| —123
CO —0.82 0.82
Dist. 035 047, —047| —0.35
[ars) —024"" 024
Dist. 0.10 013 | —013] —0.10
EM 0 | 5w |-so| 507 |-5@7| 0
(CY]
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EXAMPLE 128 Neytan)

The opposite force R is now applied to the frame as shown in
Fig. 12-20c. In order to determine the internal moments developed by R
we will first consider the force R’ acting as shown in Fig. 12-20f. Here
the dashed lines do not represent the distortion of the frame members;
instead, they are constructed as straight lines extended to the final
positions B" and C’ of points B and C,respectively. Due to the symmetry
of the frame, the displacement BB’ = CC’' = A’. Furthermore, these
displacements cause BC to rotate. The vertical distance between B’
and C' is 1.2A’, as shown on the displacement diagram, Fig. 12-20g.
Since each span undergoes end-point displacements that cause the spans
to rotate, fixed-end moments are induced in the spans. These are:
(FEM)g, = (FEM)cp = —3EIA/(5)%, (FEM)gc = (FEM)cp =
6EI(12A")/(5 )%

Notice that for BA and CD the moments are negative since
clockwise rotation of the span causes a counterclockwise FEM.

If we arbitrarily assign a value of (FEM)g4 = (FEM)cp =
—100k-N, then equating A’ in the above formulas yields
(FEM)pc = (FEM)cp = 240 k -N. These moments are applied to the
frame and distributed, Fig. 12-20h. Using these results, the equilibrium
analysis is shown in Fig. 12-20i. For each leg, we have (@
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EXAMPLE 128 Nt
A B [ D

TE] 58.72 kN 58.72 kN
Member| AB | BA | BC | ¢8 | <0 | bC 146.80 kN-m,
Sm R’ 146.80 kN-m
DF | 1 |04 03571 0571 [0420 | 1 - (T Ve
B B e e 41 B o 2
15'3‘ 1| 2] | ns 146.80 LN 146.80 kKN-m 4m
Dist o | s | [ o 872N 5R72kN
&) -326] —3.26 A D D
Dist. 140 1386, 136 140 < x
Co 003T 0% 3 m- 3
Dist. —040| 053] ~0.53| —040) m-
M [ 0 [-14680] 146.80] 14680 [-1 ] S8.72 kN 5872 kN
(h) (0]
+E2Mp =0 —AL(4) +58.72(3) + 146.80 =0 L Al =80.74 kN

[+EIMp=0; —Dy(4)+58.72(3) +14680=0 - D\, =8074kN
Thus, for the entire frame, ‘ :

IF, =0 R’ =80.74 + 80.74 = 161.48 kN
The resultant moments in the frame are therefore
My =597 + (1) (-146.80) =304 kN - m Ans.
Mye=-597+ (20 )(146.80) = 30.4 kN - m Ans.
M, =597 + (16‘1"43) (146.80) = 223 kN - m Ans,
Mz, =597+ (ﬁ) (-146.80) = -42.3 kN - m Aus.
November 7, 2020 Structural Analysis Prof. M. Samara 94

Prof. M. Samara 47



